Theory of Computation, CSCI 438 spring 2022
More examples proving that languages are not regular, Feb. 4
1. Prove that L={wwR | w{a,b }*} is not regular.
(Note that the wR is string w reversed.)
Proof:
Suppose, by way of contradiction, that L is regular. Then the pumping lemma
must hold for L. Let p be the pumping length. Consider the string s=apbbap.
Clearly sL and |s|  p. The pumping lemma guarantees that s can be divided into
three pieces s=xyz where xyiz L for all i0, |y|>0 and |xy|p.
Consider all possible ways to divide s so that s=xyz with |y|>0 and |xy|p.
The only way is x=a|x|, y=a|y| and z=a|p-x-y| bbap.(In other words, y must occur
entirely in the a’s.)
Consider xz= a|x| a|p-x-y| bp =ap-|y|bbap. By the pumping lemma xzL. However,
there are fewer a’s at the beginning of the string than at the end of the string, so xz
can’t be in L.
There is no way to divide s into xyz so the pumping lemma holds. This means that
the pumping lemma does not hold for L. Since the pumping lemma must hold for
all regular languages, L must not be regular.
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2. Exercise 1.29 b (page 88)
Use the pumping lemma to show that the following language is not regular.
A2 = {www | w{a, b}*}

Prove that A2 = {www | w{a, b}*} is not regular.
Proof: Suppose, by way of contradiction, that A2 is regular. Then the pumping lemma
must hold for A2. Let p be the pumping length. Consider the string s=a pbapbapb. Clearly
sA2 with each w=apb. Also, |s|  p. The pumping lemma guarantees that s can be
divided into three pieces s=xyz, with |y|>0, |xy|p and where xyizA2 for all i0.
For any breakdown s=xyz with |xy|p, y must lie entirely in the first set of a’s. Thus we
have x=a|x| where |x|≥0, y = a|y| where |y|>0, and z=ap-|xy|bapbapb.
Consider string s0 = xy0z = xz. This string will be a|x|ap-|xy|bapbapb = ap-|y|bapbapb. This
string cannot be A2 because there are exactly three b’s, so each w must consist of a set of
a’s followed by a b. However the first set of a’s followed by a b has fewer a’s than the
second and third set of a’s followed by a b. Thus s0∉A2. This means that the pumping
lemma does not hold for A2, so A2 must not have been regular.
∎
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Exercise 1.30 Describe the error in the following “proof” that 0*1* is not a regular
language. (An error must exist because 0*1* is regular.) The proof is by contradiction.
Assume that 0*1* is regular. Let p be the pumping length for 0*1* given by the pumping
lemma. Choose s to be the string 0p1p. You know that s is a member of 0*1*, but
Example 1.73, page 80, shows that s cannot be pumped. Thus you have a contradiction.
So 0*1* is not regular.

Example 1.73 shows that the language {0n1n | n≥0} is not regular. In that language
the string s= 0p1p could not be pumped. The string s can be pumped in the language
0*1*. If pumped down, there will be fewer 0’s than 1’s. If pumped up, there will be
more 0’s than 1’s. In both cases, the new string is still in the language.
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